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Worldsheet picture for QFTs?

• Perturbative S-‐matrix in (massless) QFT as 𝛼" → 0 limit of usual string theory

• This talk: worldsheet formulas with localized modular integrals (no 𝛼") !

• A ``stringy” way of computingQFT amplitudes; dual to usual Feynman diagrams
→ suggest possible worldsheet descriptionof QFTs withmassless particles?

taken	  from	  Monteiro’s	   talk



Motivations: simplicity of S-‐matrix
• FDs are complicated:many diagrams, many many terms, gauge (non-‐)invariance

• On-‐shell amplitudes in gauge theories & gravity: unexpected simplicity & structures
obscured by off-‐shell redundancies in FDs, e.g. MHV gluon amplitudes [Parke, Taylor, 86]

• The beginningof 30 years progress on computing& understandingamplitudes

[Xu, Zhang, Chang, 84…]



Motivations: twistor string theory

• Witten’s	  twistor string	  theory→ worldsheetmodel for D=4, N=4	  SYM
tree amps=	  string correlator w. ℂΡ' → ℂΡ(|*,	  or	  (super-‐)twistor space [Witten, 03]

• Key observation: [Nair, 88] Parke-‐Taylor MHV amps = correlator on ℂΡ'

• A	  closed	  formula	  for	  all	  tree	  amplitudes	  (gluons etc.) in N=4 SYM	  [Roiban,	  Spradlin,	  Volovich,	  04]
𝑁(-./)𝑀𝐻𝑉 amplitude is the image of 𝑃𝑇6 under polynomialmap of deg. (k-‐1)

• Inspired CSW	  &	  BCFW, progress on unitaritymethod, Grassmannian, etc. etc.



Cachazo-‐He-‐Yuan formulation
• Go	  beyond	  Witten’s	  twistor string	  theory:	  no SUSY? any spacetimedim?	  more
general theories: gauge	  theory,	  gravity, effective field theories?	  	  loop level???

• CHY formulation: scattering of massless particles in any dimension	  [CHY	  2013]

• compact formulas for amplitudes of gluons, gravitons, fermions, scalars, etc.
• manifest gauge (diff) invariance, double-‐copy relations, soft/collinear	  behavior, etc.
• worldsheet picture:	  “ambitwsitor”/“chiral” strings [Mason, Skinner; Adamo et	  al; Berkovits; Siegel,…]

taken	  from	  Geyer’s	  talk



Scattering equations

• universal, independent of theories; determine
locations of punctures in terms of kinematics

• physical singularities ↔ boundary of moduli
space for n-‐punctured Riemann spheres

• simplest “derivation”: saddle point eqs in
tensionless limit of string amps [Gross,Mende]
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𝜎' 𝜎/
𝜎(

𝜎*𝜎G

𝜎H

𝑘' 𝑘/
𝑘(

𝑘*𝑘G

𝑘H

𝑆𝐿 2, ℂ symmetry



CHY representation of tree amps

• S-‐matrix = localized integral = sum over solutions, of certain CHY integrand
n-‐3 integrals/delta functions, (n-‐3)! solutions [CHY; Dolan, Goddard] → (n-‐3)! building	  blocks

• Picture: massless-‐particle scattering naturally via n-‐punctured Riemann	  spheres.
Feynman diagrams and Lagrangians become	  emergent!

• Question:	  how to find “dynamic	  part”,	  i.e.	  CHY integrands	  for	  different QFTs?



CHY formulas:	  GR,	  YM	  & 𝜙(

• All tree amplitudes in gravity,	  Yang-‐Mills	  &	  bi-‐adjoint𝜙( theories in any dim	  [CHY	  13]

• Two ingredients:	  Parke-‐Taylor	  factor	  (color)	  &	  a	  Pfaffian (polarization):	  𝑃𝑇/.N×	  𝑃𝑓N



The Pfaffian
• The (reduced) Pfaffian of a 2𝑛×2𝑛 skew matrixΨ (two	  null	  vectors!)

• From open	  superstring correlator:

• Permutation invariance,multi-‐linearity in polarizations, correct weight	  & mass dim.
most important: gauge invariance on the support of scattering eqs!



Gauge & diffeomorphism invariance

• Pf’	  (det’)	  Ψ	  as	  the	  simplest	  gauge	  (diffeo.	  resp.) invariant	  object:

• It	  vanishes by scattering equations

• (n-‐3)!	  gauge-‐inv.	  building	   blocks	  

• closed-‐string=(open-‐string)^2



Double-‐copy relations “𝐺𝑅~𝑌𝑀/”

• First double-‐copy relations from FT limit of Kawai-‐Lewellen-‐Tye relations:

• More precisely𝐺𝑅~𝑌𝑀//𝜙(: naturally derived in CHY and found𝑺 = 𝒎.𝟏 !

• A general way of seeing double-‐copy relations: splitting a CHY formula into two.



More theories
• Generate CHY formulas of new theories from old ones, e.g. dim reduction
GR→ Einstein-‐Maxwell	  (EM), YM→ YM-‐scalar	  (YMs), with Pfaffian factorizes:

• A new operation to add non-‐abelian interactions leads to “direct sum” of theories
Formulas in Einstein⨁ Yang-‐Mills, YM⨁ bi-‐adjoint scalar theories [CHY 14][Cachazoet al 16]

• A new class: “exceptional” effective field theories (EEFT)	  with Goldstonescalars
very	  special	  theories:	  amplitudes have enhanced “Adler’s zero”! [Cheung et al 14] [CHY 14]



More theories

• adjoint scalars with two derivative coupling?
U(N) NLSM (the chiral Lagrangian)

• higher-‐derivative-‐coupledphotons?
Born-‐Infeld theory (BI) &	  DBI by dim reduction

• a special Galileon (single scalar with many derivatives)

• double-‐copy relations:𝐵𝐼	  ~	  𝑌𝑀⊗ 𝑁𝐿𝑆𝑀	  , 𝐷𝐵𝐼	  ~	  𝑌𝑀𝑠 ⊗𝑁𝐿𝑆𝑀	  , sGal ~	  𝑁𝐿𝑆𝑀/



Roadmap of massless theories



Soft theorems in CHY
• CHY makes manifest old & new soft theorems; connectionsto BMS etc. [Strominger,…]

• EEFT’s	  are the	  only scalar EFT’swith vanishingsoft behavior as O(𝜏c) for p=1,2,3
Non-‐linearly realized symmetry:	  coset from double-‐soft-‐scalar theorems [CHY 15]

(also	  for sGal).	  Striking similarities with gauge/gravity soft theorems. Why?

• 4d: manifest double soft theorems in N=4 SYM, N=8 SUGRA & DBI-‐Volkov-‐Akulov
e.g. double fermions: non-‐linearly realized SUSY [Huang et al 14] ↔ 16+16 [Bergshoeff et al 14]



Worldsheet origin
• Chiral string theory in “ambitwistor space”(=space of complex null geodesics) [Mason,	  Skinner 13]

e enforces 𝑃/ = 0 ⟺ scattering equations. No 𝛼′, onlymassless spectrum;
coupled to matter systems & quantizations -‐> CHY formulas for gravity, YM, etc.

• Quantization	  of	  null	  strings;	  related to usual strings	  only in tensionless limit	  [Casali,	  Tourkine,	  16]



Loops from trees
• Originally	  from	  ambitwistor strings on a torus (g=1) for SUGRA [Adamo-‐Casali-‐Skinner, 13]

• Hard to evaluate; residue	  theorem	  localizes on 𝑞 = 𝑒/h?	  i＝0 [Geyer-‐Mason-‐Monteiro-‐Tourkine, 15]

torus→ nodal Riemann spheres: eqs & formula similar to trees!

• Progress at two loops [Geyer et al 16] ;	  ambitwistor strings for SYM etc., not clear!



Loops from trees
• Feynman’s tree theorem→ loop amps from (generally divergent) forward limits of
trees	  [c.f.	  Caron-‐Huot ,10]; need off-‐shell momenta (𝑙/ ≠ 0) & regularizations, e.g.

• Both resolved in CHY	  rep: loop-‐level eqs &	  formulas	  on a	  sphere [Geyer et al 15]	  [CHY 15]

• Seem wrong?→ a new rep of loop integrands (diff. integrate to zero!) [Baadsgaardet al 15]



Loops from trees
• Suming	  over	  colors/polarizations	  gives	  1-‐loop	  “PT”	  &	  “Pfaffians” [Geyer et al 15][HY, CHY 15]

• One-‐loop	  formula for	  𝜙(,	  YM	  &	  GR; also susy-‐theories	  by	  adding	  fermions	  [Geyer et al 15]

• Gauge	  invariance,	  soft	  theorems, double-‐copy relations etc. manifest @ loop level;



New formulas for SYM & SUGRA
• Puzzle: SUSY formulas more complicateddue to spin structures? (familiar in RNS)→
Perform spin sum in the same way as that for g=1 superstring correlator [Tsuchiya, 88]

• Key: much simpler fermionic part in field theory: full 𝜎-‐dep. through𝐺?,A ≡
mnomp
mn.mp



New formulas for SYM & SUGRA
• Reorganize the spin-‐summed result in terms of powers in G’s and loopmomentum 𝑙

• Gauge-‐invariant & soft manifest decomposition; recursive structures for the T’s:



New formulas for SYM & SUGRA
• New representation of 1-‐loop SYM/SUGRA amps:	  gauge	  invariance	  vs.	  locality

closely	  related	  to/shed	  new	  lights	  on	  field-‐theory limit of string amps [Mafra, Schlotterer 14-‐16]

• Makes SUSY manifest: up to 𝑙6.* or	  𝐺6.* structures, enormous simplifications in 4d!

• Towards “twistor-‐string” formulas for loop integrands in N=4 SYM& N=8 SUGRA



Back to four dimensions
• CHY	  rep. simplifies in 4d→ old	  & new	  “twistor-‐string”	  formulas [RSV	  04;	  Cachazo,	  Skinner	  12;	  …]

• Key: scattering	  eqs split	  into	  RSV-‐Witten eqs for sectors,	  k=2,3…,n-‐2	  [CHY	  13;	  SH,	  Z.	  Liu,	  J.	  Wu	  16].

A prior nothingto do with helicities, any amp decomposes into n-‐3 sectors:

• 4d eqs vs. Grassmannian: with C(𝜎)	  ∈	  G(k,n), 𝐶 s 𝜆u=0,	  𝐶v s 𝜆=0.	  [Arkani-‐Hamedet	  al	  08]

fix	  GL(k):
[Geyer	  et	  al	  14]



Back to four dimensions
• YM	  &	  GR	  with	  k neg. hel.,	  Pf’ Ψ=0 for any soln. sector 𝑘" ≠ 𝑘!	  [SH,	   Zhang	  16]
for	  EEFT’s:	  Pf’	  A=0	  for	  𝑘" ≠ 6

/ ;	  4d	  formulas	  simplify	  a	  lot	  &	  natural	  to	  have	  SUSY

• 4d	  integrands	  in	  SYM, SUGRA & DBIVA (w.	  susy-‐measures)	  [Geyer	  et	  al	  14;	  SH,	  Liu,	  Wu16; …]

• Easy to include fermions in 4d, e.g. gluon-‐quark amps inmassless QCD	  [SH,	  Zhang	  16]

follow from gluon-‐gluinoones in SYM→ new rep for all QCD tree amplitudes

Jac. depends on helicities & flavors of quarks only!



Summary & outlook
• New picture:	  massless particles	  scattering via punctured	  Riemann	  spheres.
suggest	  a weak-‐weak duality:	  QFT S-‐matrix	  vs. string/worldsheet correlators?

• Complimentary to FD’s: (n-‐3)! building	  blocks	  with symmetries manifest

• Web of theories connectedby⨁ (interaction)&⨂ (double-‐copy).	  Scope of QFTs?

• Loops from	  nodal	  Riemann	  spheres,	  with	  new	  structures	  for	  SYM	  &	  SUGRA

• A bridge between S-‐matrix program in QFTs and string perturbation theory




